The micromechanical origin of size effects in elasticity of solid polymers is discussed in this article. It is shown that size effects related to rotational gradients can be interpreted in terms of Frank elasticity arising from the finite bending stiffness of the polymer chains and their interactions. We derive a relationship between the gradient of the nematic director field, related to the orientation of the polymer segments, and the curvature tensor associated with rotational gradients. In the resulting couple stress model, the total deformation energy of the material contains a Frank elasticity term. The energy contribution from rotational gradients is related to an effective Frank elastic constant e K [N]. The corresponding characteristic length for size effects is obtained as l ¼ ffiffiffiffiffiffiffiffiffiffiffiffi e K =3l q where l is the shear modulus. Our estimations suggest that the characteristic length for size effects in polymers is larger than that obtained for small-molecules materials. Experimental data from the literature are also discussed.
Introduction
With the rapid development of the micro-and nanotechnology and electromechanical systems at the micron-and nanoscales (MEMS and NEMS), there is a need for reliable prediction of the small-scale mechanical properties of structural applications such as beams, plates, nanotubes, nanowires and thin films. It is now well established that the small-scale properties of engineering materials depend on the size of the microscopic solid. Size effects have been experimentally observed, for example, in metals (Fleck et al., 1994; Nix and Gao, 1998) , polymers (Lam et al., 2003; McFarland and Colton, 2005) , graphite (Tang, 1983) , foams (Lakes, 1986) and bone (Yang and Lakes, 1982) . As classical continuum mechanics is inherently size-independent, various extensions of the classical theory including strain gradients are used to analyze and predict the mechanical behavior in presence of size effects. In strain gradient elasticity, the most generalized model has been developed 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2006.06.039 by Mindlin (1965) . It contains both first-and second-order strain gradients and also accounts for surface energies, but is too complicated to be used even in simple cases. Simpler models, including only first-order strain gradients, have been proposed, for example, by Koiter (1964) , Kleinert (1989) , Yang et al. (2002) and Lam et al. (2003) . Among these, the so-called couple stress models take into account only rotational gradients. In the context of strain gradient plasticity, important contributions to the modeling of size effects have been made by Aifantis (1984) and Hutchinson (1997, 2001 ) and many others.
Existing theories of strain gradient elasticity, while capable of predicting size-dependent deformation, do not provide a direct link between the constitutive equations on one hand and the microstructure with its underlying micromechanical deformation mechanisms on the other. The contributions from strain gradients enter the constitutive equations through one or more phenomenological parameters referred to as characteristic lengths. In order to better understand the physical reasons responsible for size effects in a given material, it is important to link the phenomenological characteristic lengths to the specific microstructure and to the corresponding micromechanical mechanisms, but to our knowledge, no serious attempts have been made in this direction as far as strain gradient elasticity of bulk, single-phase materials is concerned. In contrast, such micromechanical mechanisms exist in strain gradient plasticity, where the concept of geometrically necessary dislocations has been very successful in providing a physically-based explanation for size effects during plastic deformation in metals (Nix and Gao, 1998; Arsenlis and Parks, 1999) .
In this work, we consider size-dependent elastic deformation in polymers. The size effects from rotational gradients in polymers are attributed to Frank elasticity, which is characteristic for materials consisting of rodlike molecules, such as nematic liquid crystals (de Gennes and Prost, 1993) . The existence of Frank elasticity in polymer systems has been theoretically demonstrated by Liu and Fredrickson (1993) , Fukuda (1999) and Fukuda and Yokoyama (2001) , and is due to the small, but non-negligible bending stiffness of the polymer chains and their interactions. Using kinematic considerations, we express the Frank free energy of a deformed network consisting of interacting wormlike chains in terms of the second-order curvature tensor associated with rotational gradients. The relation between the deformation-induced change in the gradient of the director field, related to the orientation of the polymer segments, and the symmetric curvature tensor, is the main result of the paper. The obtained micromechanical couple stress model is similar to the couple stress theory of Yang et al. (2002) , but instead of a phenomenological characteristic length, our model contains an effective Frank elastic constant with units of force. The model is applied to estimate the characteristic lengths for size effects in rubbers and liquid crystal elastomers. The available experimental evidence for size effects in glassy and semicrystalline polymers is also discussed.
Notation conventions are as follows: Scalars are in mathematical italics, boldface symbols are used for tensors, the order of which is indicated by the context. Dots and colons are used for tensor products contracted over one and two indices respectively,
The Einstein summation convention over repeated indices is applied unless otherwise indicated; C T is used for the transpose of a matrix C. The gradients of vectors and second-order tensors are denoted by ($a) ij a j,i and C ij,k , respectively. The average over all orientations of a quantity f(n) is given by brackets:
where n [cos hsin / sin hsin / cos /] T is a unit vector; h and / are its azimuthal and polar angle with respect to the axes of a Cartesian basis.
Model development
In classical rubber elasticity, the polymer molecules are usually modeled as freely-jointed chains consisting of rigid segments. It is also implicitly assumed that the bending stiffness of the chains as well as the interactions between them are negligible. While these assumptions are reasonable for describing the elasticity of a sufficiently large representative volume of a rubber-like material, none of them seems to be justified at small-length scales, especially in the case of glassy polymers. A more realistic small-scale model should take into account both the elastic bending stiffness of the polymer molecules and the interactions between neighboring chains.
Let us consider a network of cross-linked wormlike chains, schematically shown in Fig. 1 . According to the wormlike model of Kratky and Porod (1949) , real polymer chains can be represented as long flexible rods with finite elastic bending stiffness, the measure of which is the so-called persistence length l p . The persistence length represents the smallest part of the chain that upon bending can be considered as a straight, rigid segment ( Fig. 1(a) ). In the two extreme cases of very long flexible chains and very short stiff chains, the wormlike model recovers the behavior of a freely-jointed chain and a rigid rod, respectively.
Using density functional approach, Liu and Fredrickson (1993) , Fukuda (1999) and Fukuda and Yokoyama (2001) obtained the free energy of polymer systems consisting of wormlike chains and found that Frank elasticity is always present as long as the chains possess finite bending stiffness. According to Fukuda and Yokoyama (2001) , Frank elasticity in polymers has two distinct sources: (i) contribution from rotational entropy of the chains and (ii) contribution from molecular interactions between the chains and excluded volume effects. It is important to note that while in conventional liquid crystals Frank elasticity depends only on the strength of the molecular interactions and excluded volume effects and is negligible in the disordered state, in polymers it can operate even in the isotropic state because of the rotational entropy of the chains. In glassy polymers, Frank elasticity from molecular interactions may also play an important role because the lack of nematic order in this case is rather due to topological defects like cross-links and entanglements than to the absence of sufficiently strong interactions.
In the following, we develop a coarse-grained model for size effects in polymer networks taking into account the Frank elasticity from chain bending and interactions. The average local orientation of the chain segments (at a given point with position vector r) can be described by unit vectors n 0 . In our case, a given director n 0 is defined as a unit vector parallel to the end-to-end vector of a given sub-chain connecting two cross-links and represents the average orientation of the sub-chain segments with persistence length l p Fig. 1(b) ). It is important to note that we assume a weak but distinguishable net orientation of the sub-chain segments along the end-to-end vector due to excluded volume effects and finite chain stiffness. This picture is valid for all real polymer chains and even for ideally flexible chains as long as one considers the chain configuration as self-avoiding random walk (Flory, 1953) . According to the continuum theory of nematic liquid crystals, any deviation of the director field n 0 (r) from a nematic order, i.e., a state where the direction of n 0 does not change from one point to another, gives rise to distortion Frank free energy (de Gennes and Prost, 1993) . In amorphous polymers, the director field n 0 (r) is highly non-uniform with strong spatial fluctuations around the cross-links/entanglements because of the numerous topological defects, which results in a non-zero distortion Frank energy even in the undeformed state.
For the sake of simplicity, here we use the so-called one-constant approximation for the Frank free energy, where the three elastic constants related to splay, bend and twist of the director field are assumed to be equal. The director field n 0 (r) in the undeformed network is constructed from unit vectors (directors) emanating from each cross-link point or entanglement in different directions and with no long-range correlations in their orientations, so that the resulting global director field is isotropic in all directions, with singular points at the cross-links (Fig. 1) . Any deformation of the network can be split into two parts: (i) network stretching and (ii) network bending and/or twisting reflected by the deformed director field n(r) (Fig. 1(c) ).
The Frank elastic energy W F 0 per unit volume of the network in the undeformed state can be expressed as (de Gennes and Prost, 1993; Marrucci, 1984) :
where K is the average Frank elastic constant; $n 0 n 0(i,j) is the gradient of the director field and the brackets h AE i indicate an average over all orientations. If we apply deformation gradient F to the network ( Fig. 1(c) ), the director field n 0 (r) will be continuously transformed into n(r). Then, the strain-induced change in the distortion energy will be:
;jÞ n 0ði;jÞ i: ð2Þ
In order to find DW F , we have to relate the gradient of the deformed director field, n i,j , to the deformation gradient F ij .
Let us assume that the entanglements (cross-links) deform together with the continuum without relative slippage (affine deformation). Then F will transform a given director n 0 into n according to:
The right polar decomposition of the deformation gradient, F = R AE U, gives the rotation matrix R and the stretch tensor U. For small-rotations, R is related to the spin tensor, x, through:
where d ij is the Kronecker delta tensor and the spin x is obtained from the gradient of the displacements field u(r). As for the stretch tensor U, it does not affect the distortion of the director field because both n 0 and n are unit vectors by definition. Moreover, the assumption of small-strains implies that U ij % d ij .
With the above considerations in mind, the substitution of Eq. (4) into Eq. (3) gives:
From Eq. (5), the gradient n i,j can be written as n i;j ¼ n 0ði;jÞ þ x ik;j n 0ðkÞ þ x ik n 0ðk;jÞ ;
where the last two terms on the right side are obtained with the Leibniz rule for differentiation of a product. Following Kleinert (1989) , we require that the elastic stored energy DW F satisfies two fundamental requirements: (i) it must be rotationally invariant, which implies that it should not depend on x but only on its gradient (Zhang and Sharma, 2005a, e.g.) , and (ii) it must vanish in the undeformed state, i.e., it should be a quadratic form of the gradient of the spin tensor x ij,k . Using Eq. (6), we can express the product n i,j n i,j in terms of the gradient of the spin tensor, x ij,k , and integrate over all orientations of n. Taking into account the constraints (i) and (ii) on the free energy, the only relevant terms contributing to the distortion energy in the deformed state W F will be: hn i;j n i;j i ¼ hn 0ði;jÞ n 0ði;jÞ i þ hx ik;j n 0ðkÞ x ik;j n 0ðkÞ i; ð7Þ
where the average of the sum on the right side is split into the sum of averages. Substitution of Eq. (7) in Eq.
(2) gives the energy DW F as
Usually, the gradient of the spin does not appear explicitly in the strain gradient theories. In the following, we explore the link between x ij,k , which is a third-order tensor, and the second-order curvature tensor, v ij , related to rotational gradients, and defined, for example, in Fleck and Hutchinson (1997) , Yang et al. (2002) and Lam et al. (2003) . The curvature tensor is constructed from the gradient of the rotation vector with components X i ¼ 1 2 e ijk u k;j where e ijk is the permutation symbol and u k,j is the gradient of the displacement field. The curvature tensor is defined as:
where X i,j is the gradient of the rotation vector.
We will now express the distortion energy given by Eq. (8) in terms of the curvature tensor, v ij , and the Frank elastic constant, K. Firstly, it is noted that the scalar product v ij v ij reads:
To find the components of the second order tensor x ik,j n 0(k) , it is convenient to first calculate the product x AE n 0 and then take the gradient of the resulting vector keeping the components of n 0 constant. For the sake of clarity, we switch for a while to a matrix representation and write the product x ij n 0(j) in a Cartesian coordinate frame with axes (x 1 , x 2 , x 3 ) as
n 0ð1Þ n 0ð2Þ n 0ð3Þ 2 6 4 3 7 5 ¼ X 3 n 0ð2Þ À X 2 n 0ð3Þ X 1 n 0ð3Þ À X 3 n 0ð1Þ X 2 n 0ð1Þ À X 1 n 0ð2Þ
where X i are the components of the rotation vector defined above. With the help of Eq. (11), the product x ik,j n 0(k) can be written as rx Á n 0 ¼ X 3;1 n 0ð2Þ À X 2;1 n 0ð3Þ X 3;2 n 0ð2Þ À X 2;2 n 0ð3Þ X 3;3 n 0ð2Þ À X 2;3 n 0ð3Þ X 1;1 n 0ð3Þ À X 3;1 n 0ð1Þ X 1;2 n 0ð3Þ À X 3;2 n 0ð1Þ X 1;3 n 0ð3Þ À X 3;3 n 0ð1Þ X 2;1 n 0ð1Þ À X 1;1 n 0ð2Þ X 2;2 n 0ð1Þ À X 1;2 n 0ð2Þ X 2;3 n 0ð1Þ À X 1;3 n 0ð2Þ 2 6 4 3 7
5: ð12Þ
To find the scalar product hx ik,j n 0(k) x ik,j n 0(k) i, it is again assumed that the average of the sum is the sum of averages. Then, the scalar product involves the sum of the nine terms of the matrix in Eq. (12), each taken at a power two and then averaged over all orientations. For concreteness, let us evaluate the first term of the sum, h(X 3,1 n 0(2) À X 2,1 n 0(3) ) 2 i. Firstly, we recall that the components of unit vectors n with isotropic orientations satisfy the identities hn i i = 0 and hn i n j i ¼ d ij where the brackets denote orientation average. In addition, it can be shown that the infinitesimal rotation tensor, x, represents the average rotation, over all possible orientations, of the unit vector n of material fibers passing through a point. As x is constructed from the components of the rotation vector X, it follows that X i and X i,j are average quantities, i.e., hX i,j i = X i,j . Hence,
D E À 2 X 3;1 n 0ð2Þ X 2;1 n 0ð3Þ þ X 2 2;1 n 2 0ð3Þ
After developing all the terms entering the scalar product hx ik,j n 0(k) x ik,j n 0(k) i as in Eq. (13) and summation, where each of the terms X 2 i;j appears twice, we obtain: x ik;j n 0ðkÞ x ik;j n 0ðkÞ ¼ 2 3
where the last identity on the right side follows from Eq. (10). With Eq. (14), the energy potential related to Frank elasticity, Eq. (8), becomes:
The curvature tensor can always be expressed as the sum of a symmetric and an antisymmetric parts as follows:
In their couple stress theory, Yang et al. (2002) derived a higher-order equilibrium condition for couples of moments. It implies that only the symmetric part of the second-order curvature tensor, v s , contributes to the total deformation energy. Therefore, Eq. (15) should be rewritten as:
Assuming that the contributions of the strain energy and the Frank elasticity are additive, the total deformation energy density of a polymer with isotropic properties at small-strains can be expressed with the help of Eq. (17) as
where k and l are the Lamé constants; e ij is the infinitesimal strain tensor; e K [N] is the effective Frank constant of the polymer and v s ij is the symmetric curvature tensor. The first two terms on the right side of Eq. (18) are the strain energy related to isotropic linear elasticity, whereas the last term accounts for rotational gradients. The constitutive equations can be obtained from Eq. (18) by taking the partial derivatives oW/oe and oW/ov s . The corresponding stresses read:
where r ij and m ij are the Cauchy stress and the couple stress, respectively. It may be noteworthy that Fridrikh and Terentjev (1999) have applied a similar approach to model the effect of reorientation of polydomain nematics in uniaxial deformation. It should be noted that in conventional Frank elasticity, it is implicitly assumed that stresses and strains, and therefore the strain energy, do not contribute to the total deformation energy and thus Frank elasticity describes a relationship between gradients in n(r) and the corresponding moments. While this assumption is valid for liquid crystals and materials with low shear modulus, in general the coupling between the distortion and the strain fields should be taken into account. By assuming an additive split of the total deformation energy W in (18) (1) and (18), respectively, are in general not identical and we use e K to account for the approximations made in our approach in a reasonably simple way. At any rate, the deformation energy, Eq. (18), containing the physically-motivated Frank energy and the strain energy, is specific for microstructures consisting of rod-like molecules or, in our case, of polymer chains with finite stiffness, while in other couple stress theories, the specific microstructure of the material is not addressed at all. For example, the energy density of the couple stress theory of Yang et al. (2002) reads:
where l is a characteristic length introduced for dimensional consistence, and the corresponding constitutive equations are given by
Their derivation was of essentially descriptive nature without any relation to the micromechanical deformation mechanisms. Comparison of Eqs. (18) and (20), however, clearly states the equivalence of both energy densities and it may be concluded that the couple stress theory can also be derived from energetic considerations for nematic polymers.
In order to estimate the characteristic length for non-local effects of the proposed model, a comparison between Eqs. (19b) and (21b) shows that in our model, the characteristic length l is replaced by an effective Frank constant e K , which should depend on the chain stiffness, the strength of the interactions between the chains, the free volume and the cross-link (or entanglement) density. We can now eliminate m ij from Eqs. (19b) and (21b) to obtain the characteristic length related to our model as
which for an incompressible material with Poisson's ratio m = 1/2 reduces to l ¼ ffiffiffiffiffiffiffiffiffi ffi e K =E q where E is the Young modulus.
Discussion
Atomistic calculations and experiments with phonon dispersion curves indicate that for most metals, the characteristic length scale for non-local effects during elastic deformation is of the order of the lattice parameter, i.e., $0.25 nm (Zhang and Sharma, 2005a) . However, other small-molecules materials have been found to possess larger characteristic lengths. For example, for the multicomponent semiconductor gallium arsenide (GaAs), Zhang and Sharma (2005b) estimated a characteristic length of $0.82 nm, while Reid and Gooding (1992) calculated an even larger non-local length scale for graphite ($3.3 nm). At the nanoscale, larger characteristic lengths may result either from strongly anisotropic properties due to different types of molecular interactions coexisting in the same material (graphite), or from nanoscale heterogeneities (GaAs). Arguably because of the macromolecular nature of polymers, the molecular structure and interactions are more complex compared to those in small-molecules materials. While there does not seem to be much data in the literature on the size dependent elastic deformation of polymers, indentation experiments indicate that at least in the plastic deformation regime, the length scale for size effects is strongly dependent on the specific structure of the polymer. In nanoindentation experiments, for instance, Li and Bhushan (2000) did not observe any indentation depth dependence of the hardness for indentation depths between 0.2 and 2 lm for polytetrafluoroethylene while for silicone rubber (Zhang and Xu, 2002) , an increase of the hardness by a factor of seven has been determined for the same indentation depths. Size effects during nanoindentation of epoxy have been reported by Lam et al. (2000) . Correspondingly, high variations in the elastic size dependency could be expected.
Size effects in rubber and liquid crystal elastomers
We first discuss the characteristic length for size effects in ''soft'' polymers like rubbers and main-chain liquid crystal elastomers. As the Young's modulus in these materials is relatively small, we assume that K is identical with e K in Eq. (22), as in Warner and Terentjev (2003) . In the case of rubbers, we can express the characteristic length in terms of measurable physical quantities as follows. The micromechanical expression for the rubbery shear modulus is l R = nk B T with n being the number of polymer strands (connecting the cross-links) per unit volume, k B the Boltzmann's constant and T the absolute temperature. In rubbers, the molecular interactions between neighboring chains are relatively weak. Therefore, the dominant contribution to Frank elasticity should come from change in rotational entropy of the polymer segments. The Frank constant related to rotational entropy of the chains has been estimated by Fukuda and Yokoyama (2001) as
where q is the number of chain segments (with length l p ) per unit volume. In addition, the number density of polymer strands, n, and the density q, are linked through q = nN where N is the average number of chain segments per strand. We can substitute the expressions for K and l R in Eq. (22) to obtain:
where n is the average distance between the cross-links in the undeformed state. To obtain the relation l $ n in Eq. (24), we have used the equality n ¼ l p ffiffiffiffi N p , which follows from the classical rubber elasticity. In fact, l p ffiffiffiffi N p is the end-to-end distance of an undeformed sub-chain connecting two cross-links, given that the sub-chain can be modeled as a freely-jointed chain consisting of N segments with length l p .
The number of sub-chains per unit volume in a typical rubber is of the order of n $ 10 25 m À3 . Using the scaling n $ 1= ffiffi ffi n 3 p and Eq. (24), the characteristic length for non-local effects in rubbers is estimated as l $ 4.6 nm. The characteristic length in main-chain liquid crystal elastomers can be directly evaluated taking the typical values for the average Frank constant and the shear modulus as K $ 10 À11 N and l R $ 0.1 MPa, respectively (Warner and Terentjev, 2003) . Substitution of these values in Eq. (22) gives the characteristic length in liquid crystal elastomers as l $ 5.8 nm, which is close to our estimate for rubbers. These estimates suggest that the characteristic lengths for size effects in rubbers and liquid crystal elastomers is of the order of several nanometers, and therefore exceed the characteristic lengths measured in small-molecules substances.
In nematic liquid crystals, the total deformation energy is expressed by the Frank energy W F while the strain energy W S is neglected. The distances l over which significant variations of the order parameter, and therefore of the director field n(r) occur, are much larger than the length of the rod-like molecules, which results in a typical length scale l for non-local effects larger than 1 lm (de Gennes and Prost, 1993). Application of Eq. (22) with l = 1 lm and K = 10 À11 N yields a shear modulus of about 3 Pa, which is an acceptable value for structured fluids like nematics. Although W S might be negligible for liquid crystals, for solid materials this will in general not be true. Whether the K-values reported for nematics can be applied to approaches where W F and W S are combined in the total energy W, as in Eq. (18) and in Fridrikh and Terentjev (1999) , remains to be seen as experimental data seems not to be available.
Size effects in glassy and semi-crystalline polymers
It is more difficult to analyze size effects in glassy and semi-crystalline polymers than in rubbers because of the stronger molecular interactions, excluded volume effects and heterogeneity of deformation. In glassy polymers, the effective Frank constant should be much larger than that in ''soft'' polymers. More specifically, e K has larger values for stiffer chains and stronger van der Waals interactions, it also increases with decreasing the temperature (Gruler and Meier, 1973) as well as with decreasing the free volume. Further increase in e K may result from the higher cross-link/entanglement density in glassy polymers. In semi-crystalline polymers at small-strains, the deformation is localized in the amorphous phase while the elastic deformation in the crystals is negligible (Lin and Argon, 1994) . This means that the elastic strains in the amorphous phase are large even at small-macroscopic strains. In addition, both the material rotations and rotational gradients at the amorphous/crystalline interfaces can be much larger than the average rotational gradients computed for a homogeneous material subjected to the same boundary conditions because of the strong distortion of the chains at the interfaces during amorphous phase shear. Strictly speaking, glassy polymers are also heterogeneous materials at the nanoscale because they contain softer, cooperatively rearranging regions with size in the range of $5-10 nm (Adam and Gibbs, 1965; Wü bbenhorst and Lupascu, 2005) . As in the case of semi-crystalline polymers, the rotations and the rotational gradients may be significant at the interfaces of the cooperative regions. As our model was derived for small-rotations and gradients, it cannot be directly applied in the case of strong strain gradient fluctuations. The uncertainties related to the local values of e K , the strength of the coupling between Frank elasticity and the applied strain field and the actual distribution of the rotational gradients in glassy and semi-crystalline polymers prevent us from making ad hoc estimations for the characteristic length with our simple continuum model. Instead, we discuss the available experimental results and try to interpret them in the light of the couple stress theory.
At the nanoscale, experimental data for polymers dealing with size dependency other than that caused by surface effects are scarce. Interesting results concerning nanoscale size effects in glassy polymers have been reported by Wü bbenhorst and Lupascu (2005) , who found that the dynamic glass transition vanishes in ultra-thin polystyrene (PS) and poly(methylmethacrylate) (PMMA) films for thicknesses less than 5 nm.
This may indicate that the chain stiffness and, therefore, Frank elasticity, may play an important role in the mechanical behavior at length scales of several nanometers, as predicted for rubbers and liquid crystal polymers.
More experimental data are available for size effects at the microscale, more specifically in small-strain bending of epoxy (Lam et al., 2003) and polypropylene (McFarland and Colton, 2005) micron-sized cantilever beams. Size effects during bending can be detected by measuring the bending stiffness in function of the beam (or thin plate) thickness. To illustrate the size effects related to rotational gradients on the bending stiffness at small-scales, we recall the example of pure bending worked out in Yang et al. (2002) , which is also representative for our model because of the similar constitutive equations. Consider that the mid-plane of the undeformed beam (plate) lies in the x 1 À x 2 plane of a Cartesian coordinate system (x 1 , x 2 , x 3 ) and the width is in the x 2 direction. Assuming plane stress and bending in the x 1 À x 3 plane, the non-vanishing components of the stress r, the strain e, the symmetric curvature tensor v s and the couple stress m read (Yang et al., 2002) :
where j is the curvature of the mid-plane; m is the Poisson's ratio; l is the shear modulus and e K is the effective Frank constant. In general, the elastic bending stiffness in presence of strain gradients can be written as (Lam et al., 2003) :
where D 0 = lh 3 /6(1 À m) is the conventional bending stiffness and h is the beam thickness; b h is a higher-order parameter with units of length. For the couple stress model used here,
where l is the characteristic length (Yang et al., 2002) . Using Eq. (22), the bending parameter related to our model can be expressed via the effective Frank elastic constant and the shear modulus as:
In Fig. 2 , we plot the normalized bending stiffness D/D 0 in function of the normalized thickness h/l for different Poisson's ratios using Eq. (26) with b h ¼ l ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 6ð1 À mÞ p . It is seen that the bending stiffness increases dramatically as the thickness approaches the characteristic length l. Variations of the Poisson's ratio within the range measured for bulk polymers do not change significantly the small-scale bending stiffness.
For epoxy beams, Lam et al. (2003) while for steel and aluminium thin plates b h $ 10 lm (Ellis and Smith, 1968) . The ensemble of results from elastic bending of micron-sized structures suggests that the apparent characteristic lengths in polymers and metals in small-strain elasticity are orders of magnitude larger than the values obtained from phonon dispersion curves and atomistic simulations, which are well in the nanometer and sub-nanometer range for all materials cited here. This discrepancy may be due in part to the fact that the couple stress models are applied to structures with presumably uniform strain-and strain gradient fields and homogeneous, isotropic material properties, which is not the case for materials with microstructure like metals, semi-crystalline polymers, strongly anisotropic materials (e.g., graphite) and glassy polymers containing cooperatively rearranging regions. Strong heterogeneity and/or anisotropy of the material properties at small-scales may cause significant deviations in both the local characteristic length and the rotational gradients and may eventually yield a much larger apparent characteristic length in micron-sized structures compared to the non-local length scale calculated from phonon dispersion curves or molecular simulations for nanoscale systems. Some support for this assumption can be found in the work of Ren and Lam (2005) on elastic bending of microbeams of amorphous silicon nitride, a material with highly homogeneous and isotropic properties. In this case, size effects at the micron length scale were not observed, although they must be present at the nanoscale. In conclusion, the present discussion only underlines the fact that despite the progress made in the recent years, many details about the nature and the micromechanical mechanisms producing size effects in small-scale structures remain unclear and more work, both experimental and theoretical, needs to be done in order to better understand these phenomena.
Conclusions
We have developed a micromechanical model for strain gradient elasticity of solid polymers based on Frank elasticity arising from rotational entropy of the polymer chain segments as well as from their molecular interactions. The model is a couple stress theory where the size effects are due only to rotational strain gradients. The energy density related to rotational gradients contains an effective Frank elastic constant with units of force, which should depend on the chain stiffness, the free volume, the van der Waals interactions and the cross-link (or entanglement) density. A theoretical estimate with the proposed model suggests that the length scale for size effects in small-strain elasticity of rubbers and liquid crystal polymers is of the order of several nanometers. The apparent length scale for non-local effects in glassy and semi-crystalline polymers could be larger due to stiffer chains, stronger molecular and excluded volume interactions as well as to fluctuations in the local material properties and stronger coupling between Frank elasticity and the strain field, which is not taken into account in the proposed model. The theoretical estimations and the available experimental results suggest that the characteristic lengths for size effects in polymers are larger than those observed, for example, in metals. Further experimental and theoretical work is needed in order to confirm these findings.
